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We propose a mechanism to generate a nearly scale-invariant spectrum of adiabatic scalar per-
turbations about a stable, ekpyrotic background. The key ingredient is a coupling between a single
ekpyrotic field and a perfect fluid of ultra-relativistic matter. This coupling introduces a friction
term into the equation of motion for the field, opposing the Hubble anti-friction, which can be
chosen such that an exactly scale-invariant (or nearly scale-invariant) spectrum of adiabatic density
perturbations is continuously produced throughout the ekpyrotic phase. This mechanism eliminates
the need for a second (entropic) scalar field and hence any need for introducing a second phase for
converting entropic into curvature fluctuations. It also reduces the constraints on the equation of
state during the ekpyrotic phase and, thereby, the need for parametric fine-tuning.
I. INTRODUCTION
Inflation is one proposed mechanism for smoothing and
flattening the universe while simultaneously stretching
primordial quantum fluctuations to superhorizon scales
[1–3]. Ekpyrotic contraction is another [4]. In both cases,
the fluctuations evolve into the seeds of large-scale struc-
ture and imprint observable anisotropies onto the cos-
mic microwave background. The Wilkinson Microwave
Anisotropy Probe (WMAP) [5], the Planck satellite [6, 7],
the Atacama Cosmology Telescope (ACT) [8] and other
experiments indicate that this primordial density fluctua-
tion spectrum is adiabatic and nearly scale-invariant with
nearly Gaussian statistics. Although inflation can gener-
ate such perturbations, it requires rare initial conditions
[9–11] and results in a multiverse of outcomes [12–17].
Given that ekpyrosis avoids these pathologies, it is natu-
ral to ask whether it can generate the same spectrum of
perturbations.
In ekpyrotic universes, smoothing contraction occurs
because the energy density of a scalar field, φ, with equa-
tion of state φ > 3 (where φ = 3(pφ + ρφ)/ρφ with
pφ being the pressure and ρφ the energy density of the
scalar field) grows to dominate all other forms of energy,
including inhomogeneities, anisotropy, and spatial curva-
ture. Meanwhile, due to the slow contraction, fluctuation
modes shrink more slowly than the Hubble radius, so that
quantum fluctuations escape to cosmological scales.
The earliest models of ekpyrosis involved a single, mini-
mally coupled scalar field with a steep, negative exponen-
tial potential. After some debate, it was shown that these
models cannot produce the observed scale-invariant, adi-
abatic spectrum because the comoving curvature per-
turbation acquires a strong blue tilt [18–22]. However,
it was noticed in Ref. [23] that when a second scalar
field is added– also with a steep, negative potential–
there exists a background solution along the potential
energy surface whose entropic perturbations acquire a
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scale-invariant spectrum. After the ekpyrotic smoothing
phase, it was argued in Ref. [24], the entropic pertur-
bations will convert into a scale-invariant spectrum of
adiabatic perturbations if the background solution un-
dergoes a bend in field-space. This two-step process, first
of generating scale-invariant entropic perturbations and
then of converting them to adiabatic perturbations, has
been dubbed the “entropic mechanism” [25, 26]. The first
models making use of the entropic mechanism require
finely-tuned initial conditions because the background so-
lution is unstable to small perturbations [27–31].
More recent two-field models have cured this instabil-
ity by introducing non-canonical kinetic terms [32–35].
Such terms provide friction in the equation of motion for
the non-canonically coupled field [36]. This friction has
two effects: 1) it damps the background evolution for
the non-canonically coupled field, thereby making it the
entropy direction in field-space and 2) it alters the spec-
trum of perturbations in this direction: scale-invariant
entropic spectra are produced even though the entropy
field has no potential. These newer models have the at-
tractive features that they generate no detectable spec-
trum of primordial gravitational waves (the ratio of the
tensor-perturbation amplitude to the scale-perturbation
amplitude, r ≈ 0) and zero non-Gaussianity during the
ekpyrotic contraction phase; only a small amount of local
non-Gaussianity (fNL = O(1)) is generated by the con-
version process [34, 37, 38]. These models also impose
less stringent constraints on the equation of state param-
eter of the universe and hence require less fine-tuning of
parameters than actions with canonical kinetic terms.
In all of these models, during the slow contracting
phase, the ekpyrotic fields are assumed to have no di-
rect interaction with any other fields. They simply tra-
verse their potential energy surface in a supercooled uni-
verse, and only after the ekpyrotic phase is the uni-
verse assumed to reheat, either through some coupling
to Standard Model particles or through stringy, higher
dimensional effects [25]. In this work, we consider a sin-
gle, ekpyrotic field coupled to a perfect fluid of ultra-
relativistic matter (e.g., radiation) in thermal equilib-
rium. As the field falls down its steep, negative potential,
it decays continuously into lighter fields which are ther-
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2mally excited, thus generating a dissipative friction term
in its equation of motion. As in the non-canonical, two-
field models discussed above, this friction term allows a
scale-invariant spectrum to be produced. In contrast to
the non-canonical models, the scale-invariant spectrum
is immediately adiabatic; no conversion is necessary.
To describe the interaction between the fluid and scalar
field, we strive for generality, leaving the details of specific
microphysical model-building for future work. Therefore,
we work at the level of the equations of motion, adding
generic dissipative and noise terms. As we will show, if
the dissipation is too strong, the radiation fluid domi-
nates the energy density of the universe; if it is too weak,
the scalar field dominates. Hence, our results require
that the dissipation coefficient evolve in fixed proportion
to the Hubble parameter; this is the main source of fine-
tuning (although this tuning can be relaxed somewhat
by changing the details of the interaction).
The idea of particle production during a cosmologi-
cal smoothing and flattening phase has been investigated
previously in models referred to as warm inflation, where
thermal fluctuations sourced by radiation-induced noise
were shown to dominate over vacuum fluctuations [39–
44]. Similar effects appear in models such as trapped in-
flation [45]. In contracting universes, however, the ther-
mal fluctuations are suppressed on the largest scales, and
the density perturbations are dominated by vacuum fluc-
tuations. The reason is that contracting universes grow
hotter with time, so that longer modes cross the hori-
zon at lower temperature with correspondingly smaller
thermal fluctuations.
This paper is organized as follows. In Sec. II, we solve
and analyze the background evolution, showing the ap-
pearance of a new family of attractors introduced by the
interaction between the ekpyrotic field and the radiation
fluid. In Sec. III, we compute the power spectrum for the
comoving curvature perturbation by studying scalar per-
turbations to linear order. This results in a Langevin-like
equation that we solve using Green’s function techniques.
We find that the thermal contribution to the power spec-
trum is subleading to the vacuum contribution over the
observable modes, and we show how to fix the parame-
ters of the model to obtain scale invariance. In Sec. IV,
we discuss implications of our results and directions for
future work.
II. BACKGROUND
In this section, we derive an explicit solution for the
background cosmology. The main results of this section
are Eqs. (18) and Fig. 1.
We employ reduced Planck units in which 8piGN =
kB = ~ = cL = 1 where GN is Newton’s gravitational
constant, kB is Boltzmann’s constant, ~ is the reduced
Planck’s constant, and cL is the speed of light. We use
the metric signature (−,+,+,+). Commas denote ordi-
nary derivatives, and semicolons denote covariant deriva-
tives.
We consider a contracting universe populated with a
radiation fluid and a minimally coupled scalar field obey-
ing Einstein’s equations,
Gab = Tab. (1)
Here, Gab is the Einstein tensor, and Tab = T
(r)
ab + T
(φ)
ab
is the total energy-momentum tensor which has been de-
composed into a term describing the radiation fluid, de-
noted by the superscript (r), and a term describing the
scalar field, denoted by the superscript (φ). The radia-
tion fluid is characterized by a four-velocity, ua, an en-
ergy density, ρr, and a pressure, pr, so that its energy-
momentum tensor is given by
T
(r)
ab = (ρr + pr)uaub + prgab. (2)
For simplicity, we take pr = ρr/3, although this is not
central to our results. The scalar field is characterized
by a potential energy density, V (φ), so that its energy-
momentum tensor is given by
T
(φ)
ab = φ,aφ,b −
(
1
2
φ;cφ;c + V (φ)
)
gab. (3)
For convenience, we take the negative, exponential form,
V (φ) = V0e
−cφ, where V0 < 0 and c > 0. The inter-
action between the radiation fluid and the scalar field is
described by a flux term, Qa ≡ −Γubφ,bφ,a, satisfying
T
(r)b
a;b = −T (φ)ba;b = Qa. (4)
In a spatially flat, Friedmann-Robertson-Walker space-
time, the background metric takes the form
ds2 = a2(τ)
(−dτ2 + δijdxidxj) (5)
= −dt2 + a2(t)δijdxidxj , (6)
where a is the scale factor, t < 0 is cosmic time, and τ < 0
is conformal time defined by dτ ≡ dt/a. At background,
Eqs. (4) gives two equations (from the t-component)
φ¨+ 3Hφ˙+ V,φ = −Γφ˙, (7)
ρ˙r + 4Hρr = Γφ˙
2, (8)
where overdots represent derivatives with respect to cos-
mic time and H ≡ a˙/a < 0 is the Hubble parameter. The
flux term, proportional to Γ, describes the decay of the
φ-field into the particles comprising the radiation fluid.
It appears in two places: on the right side of Eq. (8),
it sources the energy density of the radiation, ensuring
that ρr is not rapidly outstripped by the energy density
in the ekpyrotic field, φ; but most important, in Eq. (7)
it manifests as a dissipative friction term for φ. As we
will see, this friction term is critical for the production
of a scale-invariant spectrum.
As it stands, Eq. (7) for the scalar field is incomplete.
It is well understood in the context of classical and quan-
tum theory that whenever a process generates an effective
3dissipative interaction, it also generates fluctuations that
can be described by a stochastic noise source, Ξ, with
zero mean [46]. Thus, Eq. (7) should read
φ¨+ 3Hφ˙+ V,φ = −Γφ˙+ Ξ. (9)
If the microphysical process responsible for this noise, Ξ,
is in thermal equilibrium at some temperature, T , then
the Fluctuation-Dissipation Theorem relates the dissipa-
tion it induces, Γ, to its correlation function via
〈Ξ(x, τ)Ξ(x′, τ ′)〉 = 2ΓTδ(3)(x− x′)δ(τ ′ − τ), (10)
where angular brackets denote ensemble averaging. If
this process is not in thermal equilibrium, then its cor-
relation, 〈ΞΞ〉, can depend more generally on (x, τ) and
(x′, τ ′). As discussed in the introduction, this noise term
is critical in warm inflation because it significantly en-
hances the power spectrum of scalar perturbations rel-
ative to the vacuum result. In the contracting models
considered here, the opposite is true: as we will show, the
noise, Ξ, is completely irrelevant to the power spectrum
of the comoving curvature perturbation. Moreover, since
it has zero mean, 〈Ξ〉, it is irrelevant to the background
dynamics as well and will be omitted in the reminder of
this section.
To find the background dynamics, Eqs. (7) and (8)
must be solved subject to the Friedmann constraint (from
the t-t component of Eq. (1)),
H2 =
1
3
(
1
2
φ˙2 + V + ρr
)
. (11)
To this end, it proves useful to introduce the dimension-
less “Ω-variables,” (or more properly their square roots)
(x, y, z) ≡
(
φ˙√
6H
,−
√|V |√
3H
,−
√
ρr√
3H
)
, (12)
characterizing respectively the fractional kinetic energy
density in the scalar field, the fractional potential energy
density in the scalar field, and the fractional energy den-
sity in the radiation fluid. In terms of these variables,
Eq. (11) can be rewritten as y =
√
x2 + z2 − 1, where we
have taken the positive root since H < 0 in a contracting
universe. The equation of state of the universe takes the
simple form
 ≡ −H˙/H2 = 3x2 + 2z2, (13)
as can be obtained by differentiating Eq. (11) and sub-
stituting Eqs. (7) and (8). Therefore, ekpyrosis occurs
whenever 3x2 + 2z2 > 3. Meanwhile, Eqs. (7) and (8)
can be rewritten as
dx
d ln a
= 3(x2 + z2 − 1)
(
x− c√
6
)
− x
(
z2 +
Γ
H
)
, (14)
dz
d ln a
= (3x2 + 2z2 − 2)z + Γ
H
x2
z
. (15)
Note that Γ appears only in the ratio γ ≡ Γ/H < 0. It
is at this point that the fine-tuning enters: we assume in
this work that γ is a constant, independent of time. To
motivate this assumption, note that if |γ| grows rapidly,
the universe becomes dominated by radiation only, and if
it shrinks rapidly, the universe becomes dominated by the
ekpyrotic field only. It is only when γ is roughly constant
that these two components coexist. Therefore, we assume
it in what follows, and merely observe in passing that if
Γ ∝ √ρφ, where ρφ ≡ 12 φ˙2 + V , then γ is constant along
the solution of interest, and our assumption is justified.
With this assumption, Eqs. (14) and (15) admit a fixed-
point, scaling solution at (x0, z0) with
x0 ≡
[(
24
(
c2 + 4
)
γ + 9
(
c2 − 4)2 + 16γ2)1/2
+3c2 + 4γ + 12
]
(6
√
6c)−1, (16)
z0 ≡ [(γ + 3)(
√
9c4 + 24(γ − 3)c2 + 16(γ + 3)2
+4γ + 12)− 3c2(γ − 3)]1/2(3
√
2c)−1. (17)
As a consistency check, note that in the absence of
radiation, i.e., when γ = 0, this solution reduces to
(x, z) = (c/
√
6, 0), which reproduces ordinary, single-field
ekpyrosis (when c >
√
6).
To summarize, Eqs. (16) and (17) describe a cosmo-
logical background whose evolution is given by
a = (t/te)
1

H ≡ a˙/a = 1
t
φ = φe +
√
6x0

ln (t/te)
ρr =
3z20
2t2
a = (τ/τe)
1
−1
H ≡ a′/a = 1
(− 1)τ
φ = φe +
√
6x0
− 1 ln (τ/τe)
ρr =
3z20 (τ/τe)
−2/(−1)
τ2e (− 1)2
,
(18)
where ′ ≡ d/dτ and we have normalized the scale factor
to unity when ekpyrosis ends at some time te < 0. For
convenience, we have included the results in conformal
time and defined τe ≡ (− 1)−1te and
φe ≡ 1
c
ln
(
− V0τ
2
e (− 1)2
3 (x20 + z
2
0 − 1)
)
. (19)
These dynamics are pictured in Fig. 1, which shows that
this solution is an attractor for a wide range of initial
conditions.
We close this section by noting that if the flux term is
changed to Qa = Γ(u
bφ,b)
nφ,a, for n > 1, it can be shown
that the updated equations of motion admit a similar
attractor so long as Γ ∝ H2−n. This alleviates the finely-
tuned time dependence of Γ required for the stability of
the background solution.
III. PERTURBATIONS
In this section, we study scalar perturbations to lin-
ear order about the background solution described in
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FIG. 1. This streamplot shows that the warm ekpyrotic
background solution is an attractor for a wide range of ini-
tial conditions. For illustration, we have chosen parameter
values (c, γ) = (15,−56.8). Any set of initial conditions for
φ, φ˙, ρ˙, and a corresponds to a particular point in this plane
(x, z) ≡
(
φ˙/(
√
6H),−√ρr/(
√
3H)
)
. The background solu-
tion follows the blue arrows originating at this point. The red
and green curves are included simply to guide the eye: they
are nullclines, where dx/d ln a = 0 (red) and dz/d ln a = 0
(green). The intersections of the nullclines are shown as red
dots. These so called “fixed-point, scaling solutions” are spe-
cial because the blue streamlines vanish here. If the back-
ground solution starts at one of these points, it stays there.
The rightmost such point corresponds to (x0, z0) defined in
Eqs. (16) and (17). Clearly, it is an attractor for a wide
range of initial conditions. The analysis below shows that the
comoving curvature perturbation generated by this solution
acquires a scale-invariant spectrum on large scales.
Eqs. (18). We show that there exists a wide range in
parameter space (i.e., choices of c and γ) for which the
comoving curvature perturbation acquires a scale invari-
ant power spectrum. This result is displayed in Fig. 2; it
is the main result of this paper.
A full derivation of the scalar perturbation equations
in spatially-flat gauge is presented in Appendix A. In this
gauge, all perturbed quantities can be expressed in terms
of the scalar potentials of the four-velocities of the radia-
tion fluid, δur, and of the scalar field, δuφ. In particular,
the comoving curvature perturbation is
R ≡ −H
2
(6x20δuφ + 4z
2
0δur). (20)
These potentials satisfy the coupled system
δu′′φ +
C1
τ
δu′φ +
(
k2 +
C2
τ2
)
δuφ = Jr(δur, k, τ)
+ξ(k, τ), (21)
δu′′r +
C5
τ
δu′r +
(
k2
3
+
C6
τ2
)
δur = Jφ(δuφ, k, τ),(22)
where
Jr(δur, k, τ) ≡ C3
τ2
δur +
C4
τ
δu′r, (23)
Jφ(δuφ, k, τ) ≡ C7
τ2
δuφ +
C8
τ
δu′φ, (24)
ξ ≡ Ξ/φ˙2, and the Ci are constants that depend on c and
γ, whose explicit definitions are given in Eqs. (A29) and
(A20)-(A27).
The purpose of the rest of this section is to solve
Eqs. (21) and (22) for general c and γ so that we can
find R via Eq. (20). Before solving this system in gen-
eral (Sec. III B), we first review the solution in the cold
case when γ = 0 (Sec. III A).
A. Cold Ekpyrosis
In this subsection, we reproduce the result of standard,
single-field ekpyrosis, i.e., without radiation, for which a
scale-invariant spectrum for R is impossible [22].
Recall that with no radiation (γ = 0) and a sufficiently
steep potential (c >
√
6), the background solution in
Eqs. (16) and (17) reduces to (x0, z0) = (c/
√
6, 0). As for
the perturbations, δur vanishes identically, and Eq. (21)
becomes
δu′′φ +
C1
τ
δu′φ +
(
k2 +
C2
τ2
)
δuφ = 0, (25)
with C1 = −2 and C2 = 2c2
(
c2 − 3) (c2 − 2)−2. The
selection of Bunch-Davies vacuum fixes
δuφ(k, τ) =
− 1√
2
√
pi
4
(−τ) 1−C12 H(1)νφ (−kτ), (26)
where, in terms of the function
ν(X,Y ) ≡ 1
2
√
(X − 1)2 − 4Y , (27)
we have defined νφ ≡ ν(C1, C2). In the next subsec-
tion, we will use this same normalization for the pertur-
bation, δuφ, since at early times, the temperature, T ,
and dissipation, Γ, are small. In the super-horizon limit,
−kτ → 0, Eq. (26) approaches δuφ ∝ k−νφ , so the spec-
tral index is given by
ns = 4− 2νφ
= 3 +
4
c2 − 2 , (28)
which is clearly blue (in particular > 3) for ekpyrosis
(which requires c >
√
6). Thus, scale-invariance is im-
possible in the single-field model.
B. Warm Ekpyrosis
In this subsection, we consider the “warm” case when
γ 6= 0. The presence of the radiation fluid introduces
5into Eqs. (21) and (22) two crucial differences: the first
is that C1 and C2 depend not only on the steepness, c, of
the potential, but also on the decay rate, γ; the second
is that δur is no longer negligible.
To solve the system, we decompose the scalar potential
for the four-velocity of the radiation fluid as δur = δu
h
r +
δupr , where the first term is a homogeneous solution to
Eq. (22) with Jφ set to 0, i.e.,
δuhr (k, τ) = (−kτ)
1−C5
2 [a1(k)Jνr (−kτ) +a2(k)Yνr (−kτ)],
(29)
and the second term is the particular solution given by
integrating over the retarded Green’s function, i.e.,
δupr (k, τ) = k
−1
∫ τ
−∞
Gr(−kτ,−kτ¯)Jφ(δuφ, k, τ¯)dτ¯ .
(30)
In the above, a1(k) and a2(k) are integration constants
and
Gr(z, y) ≡ pi
2
y (z/y)
1−C5
2 [Jνr
(
z/
√
3
)
Yνr
(
y/
√
3
)
−Yνr
(
z/
√
3
)
Jνr
(
y/
√
3
)
](31)
with νr ≡ ν(C5, C6). In Appendix B, we show that the
integral in Eq. (30) can be approximated by
δupr ≈ (C7/C6)θ(1− k|τ |)δuφ, (32)
where θ(x) is the Heaviside step function. That is, δupr
is negligible before horizon crossing and is a constant
multiple of δuφ after horizon crossing (see Fig. 4).
Armed with these solutions, we now turn to Eq. (21).
The right side is a sum of three terms, Jr(δupr , k, τ) +
Jr(δuhr , k, τ) + ξ. The last term is negligible as discussed
in detail in Appendix C. The second term is a rapidly
decreasing function that depends on the initial state of
δuhr . We restrict attention to models where this term
begins sufficiently small that it can be neglected. There-
fore, we need only consider Jr(δupr ). Inside the horizon,
it has no effect, but outside the horizon, it renormalizes
the “dissipation” and “frequency” terms on the left side
of Eq. (21)
C1 → C˜1 ≡ C1 − C4C7C−16 , (33)
C2 → C˜2 ≡ C2 − C3C7C−16 , (34)
as is clear from substituting Eq. (32) into Eq. (23) and
putting the result into Eq. (21).
Therefore, the subhorizon solution is given by
δusubφ =
− 1√
2
√
pi
4
(−τ) 1−C12 H(1)νφ (−kτ), (35)
and the superhorizon solution is given by
δusupφ = (−τ)
1−C˜1
2
(
κ1Jν˜φ(−kτ) + κ2Yν˜φ(−kτ)
)
, (36)
where ν˜φ ≡ ν(C˜1, C˜2), and κ1 and κ2 are approximated
by the following matching conditions at horizon crossing
FIG. 2. This shows ns as a function of c and γ for the
background solution in Eqs. (18).
(−kτ = 1)
δusubφ = δu
sup
φ , (37)
(δusupφ )
′ − (δusubφ )′ = −C4C7C−16 k δusubφ , (38)
i.e.,
κ1 = −pi
3/2(− 1)
8
√
2C6
√

(
H(1)νφ (1)(Yν˜φ(1)(C˜1 − C1
+2(C4C7C
−1
6 + ν˜φ − νφ))− 2Yν˜φ−1(1))
+2H
(1)
νφ−1(1)Yν˜φ(1)
)
× k C1−C˜12 , (39)
κ2 =
pi3/2(− 1)
8
√
2C6
√

(
H(1)νφ (1)(Jν˜φ(1)(C˜1 − C1
+2(C4C7C
−1
6 + ν˜φ − νφ))− 2Jν˜φ−1(1))
+2H
(1)
νφ−1(1)Jν˜φ(1)
)
× k C1−C˜12 , (40)
Substituting the solution in Eq. (36), together with
Eqs. (39) and (40), into Eq. (20), we find that the pri-
mordial power spectrum of the comoving curvature per-
turbation on superhorizon scales is given by
∆2R(k, τ) ≡
k3
2pi2
|R|2 ≈ O(10−4)V
1+C˜1+2ν˜φ
2
end k
ns−1, (41)
where Vend ≡ |V0|e−cφe is the magnitude of the poten-
tial energy density when ekpyrosis ends, and the spectral
index is given by
ns = 4− 2ν˜φ + (C1 − C˜1), (42)
which is plotted in Fig. 2.
Given any point in the c-γ plane, the height of the sur-
face above that point shows the spectral index, ns. The
color scheme reflects that for ns > 1, the spectrum is
blue and for ns < 1, the spectrum is red. The thick, blue
curve at γ = 0 reproduces the results of ordinary, single-
field ekpyrosis from Eq. (28). As discussed in Sec. III A,
this curve describes a blue-tilted spectrum that is incon-
sistent with observation. However, note the effect of par-
ticle production on the spectral index: at any value of
6c, increasing the decay rate, |γ|, reddens the spectrum.
In particular, the thick, black curve has ns = 1. Any
choice of c and γ along this curve corresponds to an ex-
actly scale-invariant spectrum. For such a choice, the
exponent of Vend in Eq. (41) can be computed and is
roughly .61, so that to match the observed amplitude,
Vend must be made of order V
1/4
end ∼ 1016 GeV, which is
high enough to recover the successful predictions of hot
big bang nucleosynthesis.
IV. DISCUSSION
In this work, we have presented a scenario for ekpy-
rosis that continuously generates a scale-invariant spec-
trum of adiabatic perturbations. The key is the contin-
uous decay of the ekpyrotic field; this decay introduces
a friction term that allows a scale-invariant spectrum to
be achieved. More generally, as can be seen by follow-
ing a curve of constant c along the surface in Fig. 2, we
showed that the effect of particle production is to redden
the power spectrum of the supercooled theory.
We view the elimination of the second scalar field and
hence any subsequent conversion mechanism as a major
simplification, and a return to the spirit of the original
formulation of ekpyrosis, since the hydrodynamical be-
havior at finite temperature is universal regardless of the
details of its microscopic origin. While we have not at-
tempted to embed this phase into a complete cosmologi-
cal history, the decay into radiation presents the tantaliz-
ing possibility of evading the need for additional reheat-
ing.
There are two key assumptions that merit attention.
The first is that the decay rate must scale with the Hub-
ble parameter. This scaling represents the greatest source
of fine-tuning (although see the last paragraph of Sec. II
for a possible alternative). The second is that the ini-
tial fluctuations of the fluid, δuhr , are small enough to be
neglected. If these conditions are met, it is always pos-
sible to choose the parameters c and γ such that a scale
invariant spectrum is achieved.
There are many directions for future work. One possi-
bility is to consider generalizations of the radiation fluid
within the framework presented here, as was done in
warm inflation [47]. For example, one could analyze a
fluid with a non-relativistic equation of state or that
is out of thermal equilibrium. One could also include
viscosity by adding corrections to its energy-momentum
tensor, T
(r)
ab . Another possibility is to devise a micro-
physical theory– to identify the microscopic degrees of
freedom comprising the fluid that realizes the effective
dynamics described here. For example, one could try to
reproduce the trapped inflation scenario in a contracting
universe [45]. In warm inflation, this is difficult, though
not impossible [48–50], to achieve because, as argued in
Ref. [51], the dissipation coefficient, Γ, appears as the
result of a small correction to a sub-leading thermal cor-
rection to the potential energy density of the inflaton,
which must be extremely flat to support inflation. Thus,
non-negligible Γ requires large thermal corrections, which
spoil the extreme flatness of the potential. In ekpyrosis,
such extreme flatness is neither required nor permitted.
It is also important to compute the non-Gaussian sig-
natures for this model to verify that they are small. A
reason to be optimistic is that, as we have shown, nei-
ther the steepness, c, of the potential nor the equation
of state parameter of the universe, , needs to be tuned
particularly large. For comparison, the models discussed
in Refs. [32–35] generate no non-Gaussianity during the
ekpyrotic phase.
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Appendix A: Perturbation Equations
In this appendix, we will derive the linearized pertur-
bation equations. We will follow the notation of Ref. [52]
(see also Ref. [53]). To simplify the derivation, we will
find the linearized equations for the ensemble expecta-
tion values of the fields. This implies that any stochastic
contribution to these equations will vanish.
A metric with the most general scalar-type perturba-
tion in a flat Friedman-Robertson-Walker background is
ds2 =−a2(1 + 2α)dτ2 − 2a2β,idτdxi
+a2 [δij(1 + ϕ) + 2ψ,ij ] dx
idxj (A1)
Ignoring anisotropic stress, the energy-momentum tensor
for the fluid can be decomposed as
T (r)ττ = −(ρr + δρr) (A2)
T
(r)τ
i = a(ρr + pr)δur,i (A3)
T
(r)i
j = (pr + δpr)δij , (A4)
Thus, perturbations in the fluid are parameterized by
δρr, δpr and δur. For simplicity, we will assume δpr =
δρr/3, though this is not central to our results. In writ-
ing the perturbation equations, it is useful to define the
shear, χ ≡ a(β + aψ˙), and the perturbed expansion of
the normal-frame vector field κ ≡ 3(−ϕ˙+Hα) + k2a2χ. In
7Fourier space, the perturbation equations are
− k
2
a2
ϕ+Hκ = −1
2
δρ, (A5)
κ− k
2
a2
χ+
3
2
∑
i=r,φ
(ρi + pi)δui = 0, (A6)
χ˙+Hχ− α− ϕ = 0, (A7)
κ˙+ 2Hκ+
(
3H˙ − k
2
a2
)
α =
1
2
(δρ+ 3δp), (A8)
δρ˙r + 3H(δρr + δpr) = −k
2
a2
(ρr + pr)δur + δqr
+ρ˙rα+ (ρr + pr)κ, (A9)
−1
a3(ρr + pr)
d
dt
[
a3(ρr + pr)δur
]
=
δpr
ρr + pr
+ α
− jr
ρr + pr
, (A10)
δφ¨+ 3Hδφ˙+
(
k2
a2
+ V,φφ
)
δφ = φ˙(κ+ α˙)− δqφ
+(2φ¨+ 3Hφ˙)α, (A11)
where
δρ ≡ δρr + φ˙δφ˙− φ˙2α+ V,φδφ, (A12)
δp ≡ δpr + φ˙δφ˙− φ˙2α− V,φδφ, (A13)
δuφ ≡ −δφ/φ˙, (A14)
δqr ≡ δΓφ˙2 + 2Γφ˙δφ˙− 2αΓφ˙2, (A15)
δqφ ≡ δΓφ˙− Γαφ˙+ Γδφ˙, (A16)
jr ≡ −Γφ˙δφ. (A17)
Eqs. (A5)-(A10) are, respectively, the Gtt component of
the field equations, the Gti component, the G
i
j − 13δijGkk
component, the Gii − Gtt component, the T (r)bi;b =
Qi component, the T
(r)b
t;b = Qt component, and the
T
(φ)b
t;b = −Qt component.
Henceforth, we work in spatially flat gauge (G = ϕ =
0). Then Eqs. (A5) and (A6) can be solved algebraically
for the metric variables α and β in terms of the matter
variables δφ, δur, and δρr. Eq. (A10) can then be solved
algebraically for δρr in terms of δur and δφ. Substituting
these results into Eqs. (A9) and (A11) leaves two closed
equations for the variables δur and δuφ. Specializing to
the background solution in Eqs. (18), these are
δu¨φ + c1Hδu˙φ +
(
k2
a2
+ c2H
2
)
δuφ
= c3H
2δur + c4Hδu˙r (A18)
δu¨r + c5Hδu˙r +
(
k2
3a2
+ c6H
2
)
δur
= c7H
2δuφ + c8Hδu˙φ, (A19)
with the constants ci defined by
c1 ≡ −
√
6cz20
x0
−
√
6cx0 +
√
6c
x0
− γ − 3, (A20)
c2 ≡ 6
√
6cx30 + 6
√
6cx0z
2
0 − 6
√
6cx0 − 18x40
−24x20z20 + 27x20 + 2γz20 + 6z20 , (A21)
c3 ≡ −2
√
6cz40
x0
− 2
√
6cx0z
2
0 +
2
√
6cz20
x0
−8γx20 + 12x20z20 + 16z40 − 2γz20 − 8z20 , (A22)
c4 ≡ −4z20 , (A23)
c5 ≡ 4γx
2
0
z20
− 1, (A24)
c6 ≡ −2
√
6cγx30
z20
− 2
√
6cγx0 +
2
√
6cγx0
z20
−6γx
4
0
z20
− 7γx20 −
4γ2x20
z20
− 6γx
2
0
z20
−8x20z20 + 3x20 − 8z40 + 10z20 , (A25)
c7 ≡ −2
√
6cγx30
z20
− 3
√
6cx30 − 2
√
6cγx0 +
2
√
6cγx0
z20
−3
√
6cx0z
2
0 + 3
√
6cx0 + 12x
4
0 − 5γx20 −
4γ2x20
z20
−6γx
2
0
z20
+ 12x20z
2
0 − 18x20, (A26)
c8 ≡ 5γx
2
0
2z20
+ 2x20, . (A27)
For concreteness, we have assumed Γ ∝√V (φ), indepen-
dent of ρr and φ˙, i.e., Γ = −γ
√
−V (φ)/(3(x20 + z20 − 1)).
For this choice, δΓ = γcHδφ/2.
As we explained above, in deriving these equations, we
have averaged out the stochastic fluctuations. However,
at background level, we know that whatever microphys-
ical process generates the dissipation, Γ, in the equation
of motion for the scalar field, must also be accompanied
by a stochastic source, Ξ, whose correlation satisfies the
Fluctuation-Dissipation Theorem (see Appendix C for
details). That is, Eq. (A18) must be replaced with
δu¨φ + c1Hδu˙φ +
(
k2
a2
+ c2H
2
)
δuφ
= c3H
2δur + c4Hδu˙r + ξ(k, t), (A28)
where ξ ≡ Ξ/φ˙2 with the extra factors of φ˙ in the de-
nominator coming from the change of variables from δφ
to δuφ. In conformal time, Eqs. (A28) and (A19) become
Eqs. (21) and (22) , with
Ci =

ci−1
−1 if i = 1, 5
ci
(−1)2 if i = 2, 3, 6, 7
ci
−1 if i = 4, 8
(A29)
where again  ≡ 3x20 + 2z20 .
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FIG. 3. (a) Comparison of the locality of the Green’s function,
Gr, (blue) and the kernel, Kr, (black) for z = 10
−2. Both are
normalized such that their maximum value is 1: as should be
clear, ymax is the argument for which Gr(z, y) is maximized.
Note the logarithmic scale on the horizontal axis.
(b) Comparison of the fluid kernel, Kr at different final times,
z. As modes are stretched beyond the horizon z  1, this
kernel becomes increasingly local. For both plots, we used
(c, γ) = (15,−56.8).
Appendix B: Locality of fluid response
Since, in general, fluids behave non-locally we will show
in this appendix how locality can be recovered in the late
time limit. This is because the sources for the fluid are
τ−2δuφ(k, τ), τ−1δu′φ(k, τ) and not δuφ itself. Using the
expression for the source, Jφ, in Eq. (24) and integrating
the derivative term by parts, the particular solution for
the radiation fluid in Eq. (30) can be rewritten as
δupr (z) =
∫ ∞
z
dyKr(z, y)δuφ(y), (B1)
where z ≡ −kτ and we defined the kernel
Kr(z, y) ≡ C7 + C8
y2
Gr(z, y)− C8
y
Gr,y(z, y). (B2)
Now, we will show that this kernel behaves locally
in the small z (superhorizon) approximation. It follows
from the explicit expression of the Green’s functions that
Kr(z, z) → ∞ and Kr(z, y) → 0 for z 6= y as z → 0.
These properties are illustrated in Fig. 3. To compute the
particular solution for the radiation fluid, we can there-
��-�� ��-� � ��� ���� ���� �
���
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FIG. 4. This plot shows the time dependence of the real
(blue) and imaginary (red) parts of the ratio δupr/δuφ when
(c, γ) = (15,−56.8). Recall δuφ is given by Eqs. (35) and (36)
and δupr is given by Eq. (30), or, equivalently, by Eq. (B1).
There is a sharp transition once a mode exits the horizon.
Inside the horizon (z > 1), the particular solution for the
fluid δupr is negligible. Outside (z < 1) it rapidly approaches
a constant factor, roughly C7/C6, times δuφ. This justifies
the mode matching procedure in the text.
fore make the local approximation
δupr (z) =
∫ ∞
z
dyKr(z, y)δuφ(y) ≈ δuφ(z)
∫ ∞
z
dyKr(z, y).
(B3)
In the small z limit, this integral can be done exactly and
gives ∫ ∞
z
dyKr(z, y) =
C7
C6
+O(z 1−C5+2νr2 ). (B4)
Therefore, in this limit, we make the approximation (see
Fig. 4)
δupr (z) ≈ (C7/C6)δuφ(z) +O(z
1−C5+2νr
2 ). (B5)
Appendix C: Thermal contribution to the scalar
spectrum
In this appendix, we will show that the thermal contri-
bution to the power spectrum of the comoving curvature
perturbation, ∆2R, is negligible for the observable modes
in comparison to the vacuum, scale-invariant contribu-
tion.
To prove this, we write the particular solution for the
scalar field perturbation in terms of the stochastic noise
δuφ(k, τe) = k
−1
∫ τe
−∞
dτGφ(−kτe,−kτ)ξ(k, τ), (C1)
where Gφ is the retarded Green’s function for Eq. (21),
and again, τe is the time at which ekpyrosis ends.
The two-point function of the noise follows from the
Fluctuation-Dissipation Theorem in Eq. (10)
〈ξ(k, τ)ξ(k′, τ ′)〉 = NFD(2pi)3δ(k + k′)δ(τ − τ ′), (C2)
where the noise kernel is given by
NFD ≡ 2ΓT/φ˙2, (C3)
9with the extra factors of φ˙ in the denominator coming
from the change of variables from δφ to δuφ. Substitut-
ing Eq. (C2) into Eq. (C1) and changing the integration
variable to y = −kτ , the thermal power spectrum for δuφ
is given by
〈δuφ(k, τe)δuφ(k′, τe)〉
=
1
k3
{∫ ∞
−kτe
[Gφ(−kτe, y)]2NFDdy
}
×
(2pi)3δ(3)(k + k′). (C4)
To compute this integral, we separate out the time depen-
dence of the noise kernel, i.e., NFD = N0(−τ)
1
2+
1
2(−1)
with
N0 ≡ −γ(− 1)
1/2
3x20
(
45
pi2
z20
)1/4
(−τe)−
1
2(−1) . (C5)
For the Green’s function, Gφ, we use the same approx-
imation we used to compute δuφ in Eqs. (35) and (36),
namely finding the solutions for y > 1 and y < 1 and
matching at horizon crossing, taking account of the ef-
fect of Jr according to the change in dissipation and fre-
quency in Eqs. (33) and (34).
��-�� ��-�� ��-� �
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FIG. 5. This plot shows the result for A(z) obtained by
matching the different solutions at horizon crossing. The
largest scales correspond to the smallest values of z. Thus,
there is a strong suppression of the thermal contribution to
∆2R on the largest scales. Again, we have used the parameter
choice (c, γ) = (15,−56.8).
Then, dropping the arguments on the left side of
Eq. (C4), the power spectrum is
k3〈δu2φ〉 = N0(−τe)
1
2+
1
2(−1)A(−kτe)×
(2pi)3δ(3)(k + k′) (C6)
where the function
A(z) ≡ z− 12− 12(−1)
∫ ∞
z
dy[Gφ(z, y)]
2y
1
2+
1
2(−1) (C7)
is plotted in Fig. 5. Using Eqs. (C5), (C6), and (20)
in Eq. (41), we find that this contribution to ∆2R is
suppressed relative to the vacuum result by a factor
that is weakly dependent on c and γ and is of order
A(−kτe)V .14end, e.g., for the choice (c, γ) = (15,−56.8).
Thus, the ratio of this thermal contribution to the vac-
uum contribution is of order O(10−9) for the largest ob-
servable modes.
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